I. INTRODUCTION
The open quantum systems are of strong theoretical interest. As a rule, any microscopic system is always embedded in some (macroscopic) environment and therefore it is never really closed. Frequently, the relevant environment is in principle unobservable or it is unknown [1, 2] . This would render the theory of open quantum systems a fundamental generalization of quantum mechanics [3, 4] .
Classical open and dissipative systems can have regular or strange attractors [5, 6] . Regular attractors can be considered as a set of (stationary) states for closed classical systems correspondent to open systems. Quantization of evolution equations in phase space for dissipative and open classical systems was suggested in Refs. [7, 8] . This quantization procedure allows one to derive quantum analogs of open classical systems with regular attractors such as nonlinear oscillator [7, 9] . In the papers [7, 8, 9] were derived quantum analogs of dissipative systems with strange attractors such as Lorenz-like system, Rossler and Newton-Leipnik systems. It is interesting to consider quantum analogs for regular and strange attractors. The regular "quantum" attractors can be considered as stationary states of open quantum systems. The existence of stationary states for open quantum systems is an interesting fact. The condition given by Davies in Ref. [10] defines the stationary state of open quantum system. An example, where the stationary state is unique and approached by all states for long times is considered by Lindblad [11] for Brownian motion of quantum harmonic oscillator. In Refs. [12, 13, 14] Spohn derives sufficient condition for the existence of a unique stationary state for the open quantum system described by Lindblad equation [15] . The stationary solution of the Wigner function evolution equation for an open quantum system was discussed in Refs. [16, 17] . Quantum effects in the steady states of the dissipative map are considered in Ref. [18] .
In this paper we consider stationary pure states of some In Section II, we introduce pure stationary states for closed quantum systems and some mathematical background is considered. In the Section III, we consider Liouville-von Neumann equation for an open quantum system and pure stationary states for this equation. In Section IV, simple examples stationary states for open quantum systems are considered. In Section V, we study some properties of quantum system to have dynamical bifurcations and catastrophes. In the Section VI, we suggest an example of quantum system with fold catastrophe. Finally, a short conclusion is given in Section VII. In Appendix, the mathematical backgroung (Liouville space, superoperators) is considered.
II. PURE STATIONARY STATE
In the general case, the time evolution of the quantum state |ρ t ) can be described by the Liouville-von Neumann equation
whereΛ is a Liouville superoperator on Liouville space, |ρ) is a density matrix operator as an element of Liouville space. For the concept of Liouville space and superoperators see the Appendix and Refs. [20] - [37] . For closed systems, Liouville superoperator has the form
where H = H(q, p) is a Hamilton operator. If the Liouville superoperatorΛ cannot be represented in the form (2), then quantum system is called open, nonHamiltonian or dissipative quantum system [36, 37, 38] . The stationary state is defined by the following condition:
For closed quantum systems (2) , this condition has the simple form:
In the general case, we can consider the Liouville superoperator as a superoperator function [7, 8, 36] :
where X is a set of linear operators. For example, X = {q, p, H} or X = {H 1 , .., H s }. In the paper we use the special form of the superoperatorΛ such that
where N k (L H ,R H ) are some superoperator functions and F k is an arbitrary nonzero superoperator. It is known that a pure state |ρ Ψ ) is a stationary state of a closed quantum system (1), (2) , if the state |ρ Ψ ) is an eigenvector of the Liouville space for superoperatorŝ L H andR H :
Equivalently, the state |ρ Ψ ) is an eigenvector of superoperators
The energy variable E can be defined by
The superoperatorsL H andR H for linear harmonic oscillator arê
It is known that pure stationary states ρ Ψn = ρ 2 Ψn of linear harmonic oscillator (6) exists if the variable E is equal to
III. PURE STATIONARY STATES OF OPEN SYSTEMS
Let us consider the Liouville-von Neumann equation (1) for the open quantum system defined of the form
k is some superoperator and N k (L H ,R H ), where k = 1, ..., s, are superoperator functions.
Let |ρ Ψ ) is a pure stationary state of the closed quantum system defined by Hamilton operator H. If Eqs. (5) are satisfied, then the state |ρ Ψ ) is a stationary state of the closed system associated with the open system (8) and is defined by
If the vector |ρ Ψ ) is an eigenvector of operatorsL H and R H , then the Liouville-von Neumann equation (8) for the pure state |ρ Ψ ) has the form
where the function N k (E, E) are defined by
If all functions N k (E, E) are equal to zero
then the stationary state |ρ Ψ ) of the closed quantum system (9) is the stationary state of the open quantum system (8) .
Note that functions N k (E, E) are eigenvalues and |ρ Ψ ) is the eigenvector of superoperators
Therefore stationary states of the open quantum system (8) are defined by zero eigenvalues of superoperators
IV. OPEN SYSTEMS WITH OSCILLATOR STATIONARY STATES
In this section simple examples of open quantum systems (8) are considered.
1) Let us consider the nonlinear oscillator with friction defined by the equation
where the operatorH is the Hamilton operator of the nonlinear oscillator:
Equation (11) can be rewritten in the form
where ∆ = Ω 2 − ω 2 and the superoperatorL − H is defined for the Hamilton operator H of the linear harmonic oscillator by Eqs. (2) and (6) . Equation (12) has the form (8), with
In this case the function N (E, E) has the form
The open quantum system (11) has one stationary state of the linear harmonic oscillator with energy E n = (hω/2)(2n + 1), if ∆ = 2βhω(2n + 1), where n is an integer non-negative number. This stationary state is one of the stationary states of the linear harmonic oscillator with the mass m and frequency ω. In this case we can have the quantum analog of dynamical Hopf bifurcation [19, 39] .
2) Let us consider the open quantum system described by the time evolution equation
where the superoperatorL − H is defined by formulas (2) and (6). Equation (13) has the form (8) if the superoperatorsF and N (L H ,R H ) are defined bŷ
The function N (E, E) has the form
The stationary state condition (10) has the solution
where n is an integer number. If parameter ε 0 is equal tohω, then quantum system (13) and (14) has pure stationary states of the linear harmonic oscillator with the energy (7). As the result, stationary states of the open quantum system (13) coincide with pure stationary states of linear harmonic oscillator. If the parameter ε 0 is equal tohω(2m + 1), then quantum system (13) and (14) have stationary states of the linear harmonic oscillator with n(k, m) = 2km + k + m and
3) Let us consider the superoperator function
and all superoperatorsF k are equal toL I . In this case, the Liouville-von Neumann equation (8) can be represented by the Lindblad equation [36, 40, 41] :
. (15) with linear operators V k defined by
If |ρ Ψ ) is a pure stationary state (5), then all functions N k (E, E) are equal to zero and this state |ρ Ψ ) is a stationary state of the open quantum system (15) . If the Hamilton operator H is defined by
then we have some generalization of the quantum model for the Brownian motion of a harmonic oscillator considered in [11] . Note that in the model [11] operators V k are linear V k = a k p + b k q, but in our generalization (15) and (16) these operators are nonlinear. For example, we can use
The case c k = d k = e k = 0 is considered in Ref. [11] . Let real parameters α and β exist and
In this case, the pure stationary states of the linear oscillator (17) exist if ω > λ and the variable E is equal to
V. DYNAMICAL BIFURCATIONS AND CATASTROPHES

Let us consider a special case of open quantum systems (8) such that the vector function
be a potential function and the Hamilton operator H can be represented in the form
In this case we have a function V (E) called potential, such that the following conditions are satisfied:
where
exists, then the stationary state condition (10) for the open quantum system (8) is defined by critical points of the potential V (E). If the system has one variable E, then the function N (E, E) is always a potential function. In general, the vector function N k (E, E) is potential, if
Stationary states of the open quantum system (8) with potential vector function N k (E, E) is depend by critical points of the potential V (E)
. It allows one to use the theory of bifurcations and catastrophes for the parametric set of functions V (E). Note that a bifurcation in a vector space of variables E = {E k |k = 1, ..., s} is a bifurcation in the vector space of eigenvalues of the Hamilton operator
In general case, m and n are multi-indices. The function
where the coefficients α (k) n are defined by
We can define the variables
If the coefficient of the term x n l −1 l is equal to zero
then we have the following coefficients
If we change parameters α (k)
n , then an open quantum system can have pure stationary states of the system. For example, the bifurcation with the birth of linear oscillator pure stationary state is a quantum analog of dynamical Hopf bifurcation [19, 39] for classical dynamical system.
Let a vector space of energy variables E be a onedimensional space. If the function N (E, E) is equal to
then the potential V (x) is defined by the following equation:
and we have catastrophe of type A ±n . If we have s variables E l , where l = 1, 2, ..., s, then quantum analogs of elementary catastrophes A ±n , D ±n , E ±6 , E 7 and E 8 can be realized for open quantum systems. Let us write the full list of potentials V (x), which leads to elementary catastrophes (zero modal) defined by V (x) = V 0 (x) + Q(x), where
Here Q(x) is the nondegenerate quadratic form with variables x 2 , x 3 , ..., x s for A ±n and parameters x 3 , ..., x s for other cases.
VI. FOLD CATASTROPHE
In this section, we suggest an example of the open quantum system with catastrophe A 2 called fold.
Let us consider the Liouville-von Neumann equation (8) for a nonlinear quantum oscillator with friction, where multiplication superoperatorsL H andR H are defined by Eq. (6) and superoperatorsF and N (L H ,R H ) are given by the following equations:
In this case, the function N (E, E) is equal to
A pure stationary state |ρ Ψ ) of the linear harmonic oscillator is a stationary state of the open quantum system (19) , if N (E, E) = 0. Let us define the new real variable x and parameter λ by the following equation
Then we have the stationary condition N (E, E) = 0 in the form x 2 − λ = 0. If λ ≤ 0, then the open quantum system has no stationary states. If λ > 0, then we have pure stationary states for a discrete set of parameter values λ. If the parameters α 1 , α 2 and λ satisfy the following conditions
where n and m are non-negative integer numbers, then the open quantum system (18) and (19) has two pure stationary state of the linear harmonic oscillator. The energies of these states are equal to [42] and deep inelastic collisions [43] .
Open quantum systems with two stationary states can be considered as qubit. It allows one to consider open n-qubit quantum system described by Eq. (8) as a quantum computer with pure states. In general, we can consider open n-qubit quantum systems as quantum computer with mixed states [44, 46] . A mixed state (operator of density matrix) of n two-level quantum systems (open or closed n-qubit system) is an element of 4 n -dimensional operator Hilbert space (Liouville space). It allows one to use quantum computer model with four-valued logic [44, 46] . The quantum gates of this model are real, completely positive, trace-preserving superoperators that act on mixed state. Bifurcations of pure quantum states can used for quantum gate control.
The space of linear operators acting on a Hilbert space H is a complex linear space H. We denote an element A of H by a ket-vector |A). The inner product of two elements |A) and |B) of H is defined as (A|B) = T r(A † B). The norm A = (A|A) is the Hilbert-Schmidt norm of operator A. A new Hilbert space H with the inner product is called Liouville space attached to H or the associated Hilbert space, or Hilbert-Schmidt space [20] - [37] .
Let {|x >} be an orthonormal basis of H:
is an orthonormal basis of the Liouville space H:
For an arbitrary element |A) of H we have
is a kernel of the operator A. An operator ρ of density matrix (T rρ = 1, ρ † = ρ, ρ ≥ 0) can be considered as an element |ρ) of the Liouville space H. Using (21), we get
where the trace is represented by (I|ρ) = T rρ = dx (x, x|ρ) = 1.
Superoperators
Operators that act on H are called superoperators and we denote them, in general, by the hat.
For an arbitrary superoperatorΛ on H, which is defined byΛ
where Λ(x, x ′ , y, y ′ ) is a kernel of the superoperatorΛ. Let A be a linear operator in the Hilbert space H. We can define the multiplication superoperatorsL A andR A by the following equationŝ L A |B) = |AB) ,R A |B) = |BA).
The superoperator kernels can be easy derived. For example, in the basis |x, x ′ ) we have 
